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A close relation between the endomorphism ring of a certain abelian variety and 
the Mordell-Weil group of its twist is established. As an application we construct 
a simple abelian variety A of dimension g= (p -  1)/2, p prime, defined over Q(t) 
with A(Q((p)(t)) having rank 2g. 9 1991 Academic Press, Inc. 
INTRODUCTION 
In [4] ,  Wajngurt found a fascinating relation between the endo- 
morphism ring of an elliptic curve over k, a field, and the Mordell-Weil 
group of k(t)-rational points of a related elliptic curve. The purpose of the 
present article is to generalize her result and, hopefully, to clarify the 
reason why such a relation exists. More precisely, we prove the following: 
THEOREM 2.1. Let C be a hyperelliptic urve over k and let A be an 
abelian variety over k. Let A b denote the twist of A defined by the quadratic 
extension k(C)/k(P 1) (see Section 2for the definition of Ab) so that A b is an 
abelian variety over k(P1)=k(t).  Then we have an isomorphism of abelian 
groups, 
Ab(k(t)) ~- Homk (J(C), A)O)A2(k), 
where A2(k) denotes the group of k-rational 2-division points on A. 
The above mentioned result of Wajngurt is obtained by letting C be an 
elliptic curve and taking A = C (see the remark after Corollary 3.1). Note 
that the base field k is not necessarily assumed to be algebraically closed 
in contrast to her formulation. Using our theorem, we can construct for 
any odd prime p a simple abelian variety A of dimension g = (p -  1 )/2 
defined over Q(t) such that its Mordell-Weil group A(Q(~p)(t)) has exact 
rank 2g, where ~p denotes a primitive pth root of unity (see Corollary 3.2). 
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1. TWIST 
In this section, we recall the definition of twist and its fundamental 
properties. For detail, see [1 ]. Let k'/k be a Galois extension with Galois 
group G. First we recall the definition of the twist of a G-set. Let A be a 
G-group and let E be a G-set which is given the structure of a left A-set 
compatible with the action of G. Let a=(as)eZ~(G, A) be a 1-cocycle of 
A. For any s ~ G and x E E, set S'x = as. Sx. The G-set with this action of G 
is denoted by Ea and called the twist of E by a. Next we recall the defini- 
tion of the twist of a quasi-projective scheme defined over k. Let X be a 
quasi-projective scheme over k. Let AutX  denote the automorphism 
scheme of X and let a= (as)eZl(G, Aut X). Then there exists a quasi- 
projective scheme Y over k and a k'-isomorphism f ' :  X|  YQkk '  
such that s(f,) =f ,  o as holds for any s E G. The scheme Y is denoted by Xa 
and is called the twist of X by a. These two notions of twist are compatible 
in the following sense [1, Prop. 2.7]: The mapf ' :  X(k ' )~ Y(k') gives an 
isomorphism of the twisted G-set X(k')~ onto the G-set Y(k') = X~(k'). This 
implies the following: 
PROPOSITION 1.1. X~(k) ~- {P ~ X(k')a: s,(p) = p} = {p ~ X(k') :as. 
s(p) = p}.  
2. MAIN THEOREM AND ITS PROOF 
Let C be a hyperelliptic urve over k defined by the equation u 2 =f ( t )  
( f ( t )ek[t ] ) .  We assume that the degree o f f ( t )  is odd. Let x o denote the 
point at infinity of C. There is a natural projection of C onto the projective 
line P~ defined by (t, u)v--, t, through which we can consider the function 
field k(C) of C as a quadratic extension of k(P~). Let t e Aut C denote the 
involution associated with this covering. It induces an automorphism of 
k(C) over k(P~), for which we will also write z. Then, if we denote by G the 
Galois group of the quadratic extension k(C)/k(p1), we have G= {id, z}. 
Let A be an abelian variety over k and let b = (bs)eZ~(G, Aut A) denote 
the 1-cocycle defined by bid = 1, b, = -1 .  Then we know from Section 1 the 
existence of the twist A b of A by the cocycle b, which is defined over 
k(P 1) =k(t )  (t denotes the coordinate of P~). 
THEOREM 2.1. Notation being as above, we have an isomorphism of 
abelian groups: 
Ab(k(t)) ~ Homk(J(C), A) (~ Az(k), 
where Homk(J(C), A) denotes the abelian group of k-homomorphisms of 
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J(C) to A, and A2(k) denotes the abelian group of k-rational 2-division 
points. 
Proof. Let K (resp. K') denote the function field of P~ (resp. C). Let f '  
denote the K'-isomorphism of A | K' onto Ab| K' which characterize 
the twist Ab (see Section 1). Then it follows from (1.1) that f '  induces an 
isomorphism of abelian groups, 
Ab(K)~ {P~A(K ' ) ;bs .sP=P for any seG}.  
But we know (see [-2], for example) that 
A(K') ~- {k-morphisms of C to A } 
{k-morphisms of J(C) to A } 
aomk(J(C), A ) • A(k ). 
Therefore a K'-rational point P EA(K') is identified with a morphism P: 
C ~ A, which corresponds to (u, c) Homk(J(C), A)~A(k)  by the rule 
P(x)=~([(x)-(Xo)])+c (xeC), 
where, for a divisor D on C, [D] denotes its divisor class. Then we have 
b, . 'P(x) = b,(~[ (tx) - (x0)] + e) 
= b , (~( -  [ (x )  - (Xo)])  + c) 
(since (x) + (tx) is linearly equivalent to 2(Xo)) 
= b, ( -~[(x)  - (Xo)] + c) 
(since a is a homomorphism) 
= - ( -~[ (x ) -  (Xo)] + c) 
(by the definition of the 1-cocycle b) 
= ~[(x ) -  (Xo)] - c. 
Hence bs. sp = p holds for any s ~ G if and only if c e A2(k). Thus we have 
Ab(K) ~ Homk(J(C ), A ) ~ Az(k ). 
This completes the proof of the theorem. 
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3. APPLICATION 
In this section, we deduce some corollaries from our theorem. First we 
show the following: 
COROLLARY 3.1. Let C denote the curve over k defined by y2 =h(x)  
(h(x) ~ k[x], deg h = odd) and let C, denote the curve over k(t) defined by 
h(t) yZ= h(x). Then we have an isomorphism of abelian groups: 
J( C,)( k( t ) ) ~ Endk( J( C) ) ~) J( C)2( k ). 
Remark. The result of Wajngurt mentioned in the introduction is 
obtained from this by letting C be the elliptic curve defined by y2= 4x 3 - 
g2x-g3 and noting that her curve E is isomorphic to our C, by the map 
(x, y) (~E)~-~(tx, y) (eCt). 
Proof Let z=(zs)eZ~(G, Aut C) denote the 1-cocycle defined by 
Zid = id, z, = t. In view of our theorem, it suffices to show that 
(i) Cz ~- C, over K, and 
(ii) J(C)b'~J(Cz) over K. 
As for (i), let us def inef ' :  C| K'-* C,|  by 
f'(x(t, u), y(t, u))= (x(t, u), y(t, u)/u), 
where we use the coordinate (t, u) when we consider the field K'  so that 
K'= K(u). Then we have 
~f'(x(t, u), y(t, u)) = '(f'('(x(t, u), y(t, u)))) (since 12 = id) 
= '(f '(x(t,-u), y(t,-u))) 
= '(x(t,-u), y(t,-u)/u) 
= (x(t, u), y(t, u)/(-u)). 
On the other hand, we have 
f'oz,(x(t, u), y(t, u)) =f'(x(t, u),-y(t, u)) 
= (x(t, u),-y(t, u)/u). 
Therefore we see that the equality 'f' =f 'o z, holds. This implies (i) because 
of the uniqueness of the twist [1, Prop. 2.6]. As for (ii), we consider a more 
general situation. Let k'/k be a Galois extension and let X be a smooth 
projective curve defined over k. Let a=(a~)~Zl(k'/k, AutX) be a 
1-cocycle and let X a denote the twist of X by a. Further, for a morphism 
of curves tp: Y-*Z,  let us denote by J(~0) the induced homomorphism of
J(Y) to J(Z). Note that J(a)= (J(as)) satisfies the cocycle condition. For 
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as, = a~ o Sa, implies J(as, ) = J(a~) o ~V(a,), since the construction of jacobian 
variety is compatible with base change. Under these circumstances we have 
the following lemma which implies (ii) (since it is easily checked that 
b = J (z ) ) :  
LEMMA. The twist J(X)j(~) of J(X) by the 1-cocycle J(a) is k-isomorphic 
to J(Xa). 
Proof Let f ' :  X|174 denote the isomorphism such that 
sf, =f ,o  as. Then the induced isomorphism of their jacobian varieties J ( f ' ) :  
J (X) |  k ' -~J (Xa)@,  k' satisfies the equality s J ( f ' )= J ( f ' )o J (as)  by the 
functoriality. Hence, by the uniqueness of the twist [1, Prop. 2.6], we see 
that J(X)s(a) is k-isomorphic to J(X~). This completes the proof of the 
lemma, and at the same time, that of Corollary 3.1. 
As a concrete example we give the following: 
COROLLARY 3.2. Let p be an odd prime and let (p denote a primitive pth 
root of unity. Let X, be the curve over Q(t) defined by 
(t p -  1 )y2=x p -  1. 
Then the Mordell-Weil group J(X,)(Q(~p)(t)) of Q(~p)(t)-rational points of 
the jacobian variety J(Xt) has exact rank 2g, where g is the genus of the 
curve X, : i.e., g = (p - 1 )/2. 
Proof Let X be the curve over Q defined by the equation yX = x p _ 1. 
Then its jacobian variety J(X) is a simple abelian variety of CM-type so 
that Endo(cp)(J(X)) is a free Z-module of rank 2g (see [3, 8.4]). Since 
J(X)2(Q((p)) is a finite group, it follows from (3.1) that J(X,)(Q((p)(t)) has 
exact rank 2g. 
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